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ON THE BOTT-CHERN COHOMOLOGY AND BALANCED HERMITIAN
NILMANIFOLDS
A. LATORRE, L. UGARTE, AND R. VILLACAMPA
Abstract. The Bott-Chern cohomology of 6-dimensional nilmanifolds endowed with invariant complex
structure is studied with special attention to the cases when balanced or strongly Gauduchon Hermitian
metrics exist. We consider complex invariants introduced by Angella and Tomassini and by Schweitzer,
which are related to the ∂∂¯-lemma condition and defined in terms of the Bott-Chern cohomology, and show
that the vanishing of some of these invariants is not a closed property under holomorphic deformations.
In the balanced case, we determine the spaces that parametrize deformations in type IIB supergravity
described by Tseng and Yau in terms of the Bott-Chern cohomology group of bidegree (2,2).
1. Introduction
Given a compact complex manifold M , the Dolbeault cohomology groups Hp,q
∂¯
(M), and more generally
the terms Ep,qr (M) in the Fro¨licher spectral sequence [14], are well-known finite dimensional invariants
of M . Other complex invariants are given by the Bott-Chern cohomology groups [7, 1], which we will
denote by Hp,qBC(M). If M satisfies the ∂∂¯-lemma condition [13] (in particular, if M is compact Ka¨hler),
i.e. if ker ∂ ∩ ker ∂¯ ∩ im d = im ∂∂¯, or equivalently if any ∂-closed, ∂¯-closed and d-exact complex form on
M is ∂∂¯-exact, then Hp,qBC(M)
∼= Ep,qr (M). However, in general the Bott-Chern cohomology groups do not
coincide with Ep,qr (M) and provide new invariants of the compact complex manifold M .
In this paper we consider 6-dimensional nilmanifolds M = Γ\G endowed with invariant complex struc-
tures J . Using the classification of such complex structures given in [8] and the fact that the Bott-Chern
cohomology of (Γ\G, J) can be reduced to calculation at the level of the Lie algebra g underlying the nilman-
ifold [4], in Section 3 we obtain explicit generators of each Bott-Chern cohomology group Hp,qBC(Γ\G, J).
As a consequence, in the cases when the complex structure J admits balanced or strongly Gauduchon
Hermitian metrics we show the dimensions of its Bott-Chern cohomology groups.
C-C. Wu proved in [34] that the ∂∂¯-lemma property for compact complex manifolds M is open under
holomorphic deformations, however the deformation limits of compact complex manifolds satisfying the
∂∂¯-lemma remain unclear. D. Angella and A. Tomassini gave in [6] another proof of the openness of the
∂∂¯-lemma property as a consequence of general inequalities involving the Bott-Chern cohomology of the
manifold [7]. If n is the complex dimension ofM , let fk(M) =
∑
p+q=k
(
hBCp,q (M) + h
BC
n−p,n−q(M)
)
−2bk(M),
where hBCp,q (M) denotes the dimension of H
p,q
BC(M) and bk(M) the k-th Betti number of M . They proved
that the complex invariants fk(M) are non-negative, and fk(M) = 0 for all 0 ≤ k ≤ 2n if and only if M
satisfies the ∂∂¯-lemma [6]. Thus, compact complex manifolds satisfying the ∂∂¯-lemma are characterized
as those compact complex manifolds for which fk(M) = 0 for all k.
On the other hand, if M is a compact complex manifold then for any r ≥ 1 one can consider the
complex invariants kr(M) = h
BC
1,1 (M) + 2 dimE
0,2
r (M) − b2(M), where E
0,2
r (M) is the r-step (0, 2)-term
of the Fro¨licher spectral sequence of M . In Proposition 4.6 we extend a result of M. Schweitzer [30] by
showing that kr(M) ≥ 0 for any r, and that k1(M) = 0 (and therefore all kr vanish) when M satisfies the
∂∂¯-lemma.
Section 4 is devoted to the study of the behaviour of the properties “fk=0” (for a given k) and “k1=0”
under holomorphic deformationsMt. Due to the upper semicontinuity of the Bott-Chern numbers h
BC
p,q (Mt)
with respect to t [30], one has that the properties fk = 0 and k1 = 0 are always open under holomorphic
deformations. Using the results of Section 3, we show in Propositions 4.3 and 4.11 that they are not closed
1
2in general, concretely there is a holomorphic family of compact complex manifolds Mt, t ∈ C with |t| <
1
3 ,
such that f2(Mt) = 0 = k1(Mt) for t 6= 0, but f2(M0) = 2 = k1(M0).
In Section 5 we put special attention to the cases when balanced Hermitian metrics F exist. L-S. Tseng
and S-T. Yau showed in [31] that the Bott-Chern cohomology group H2,2BC(M) arises in the context of type
II string theory as it can be used to count a subset of scalar moduli fields in Minkowski compactifications
with RR fluxes in the presence of O5/D5 brane sources. More precisely, the moduli space of solutions given
by linearized variations is parametrized by the space, which we will denote by L2,2(M,J, F ), consisting
of the harmonic forms of the Bott-Chern cohomology group H2,2BC(M,J) which are annihilated by F .
Using the explicit description of H2,2BC(M) given in Section 3 and the results of [33], we determine the
space L2,2(Γ\G, J, F ) for any invariant balanced Hermitian structure (J, F ) on a 6-dimensional nilmanifold
M = Γ\G. We show that its dimension only depends on the complex structure, in particular, if M0
denotes the Iwasawa manifold then one has that dimL2,2(M0, F ) = 7 for any F . As an application we
show that dimL2,2 is not stable under small deformations; concretely, there is a holomorphic deformation
Mt, t ∈ C with |t| < 1, of the Iwasawa manifold M0 admitting balanced structures for each t and such that
dimL2,2(Mt, F ) = 5 for 0 < |t| < 1 and for any balanced Hermitian metric F on Mt (Proposition 5.5).
During the preparation of this paper we were informed by Adriano Tomassini that Daniele Angella,
Maria Giovanna Franzini and Federico Alberto Rossi have obtained in [5] similar computations which are
used to provide a measure of the degree of non-Ka¨hlerianity of 6-dimensional nilmanifolds with invariant
complex structure, as well as the relation between Bott-Chern cohomological properties and existence of
pluriclosed metrics.
2. Invariant complex structures on nilmanifolds, Bott-Chern and Aeppli cohomologies,
and special Hermitian metrics
LetM be a compact complex manifold. The Dolbeault cohomology groupsHp,q
∂¯
(M), and more generally
the terms Ep,qr (M) in the Fro¨licher spectral sequence [14], are well-known finite dimensional invariants of
the complex manifold M . On the other hand, the Bott-Chern and Aeppli cohomologies define additional
complex invariants of M given, respectively, by [1, 7]
Hp,qBC(M) =
ker{d : Ωp,q(M) −→ Ωp+q+1(M)}
im {∂∂¯ : Ωp−1,q−1(M) −→ Ωp,q(M)}
,
and
Hp,qA (M) =
ker{∂∂¯ : Ωp,q(M) −→ Ωp+1,q+1(M)}
im {∂ : Ωp−1,q(M) −→ Ωp,q(M)}+ im {∂¯ : Ωp,q−1(M) −→ Ωp,q(M)}
.
By the Hodge theory developed in [30], all these complex invariants are also finite dimensional and one has
the isomorphisms Hp,qA (M)
∼= H
n−q,n−p
BC (M). Notice that H
q,p
BC(M)
∼= H
p,q
BC(M) by complex conjugation.
For any r ≥ 1 and for any p, q, there are natural maps
Hp,qBC(M) −→ E
p,q
r (M) and E
p,q
r (M) −→ H
p,q
A (M).
Recall that Ep,q1 (M)
∼= H
p,q
∂¯
(M) and that the terms for r = ∞ provide a decomposition of the de Rham
cohomology of the manifold, i.e. HkdR(M,C)
∼= ⊕p+q=kE
p,q
∞ (M).
From now on we shall denote by hBCp,q (M) the dimension of the cohomology group H
p,q
BC(M). The Hodge
numbers will be denoted simply by hp,q(M) and the Betti numbers by bk(M).
Notice that in general the natural maps above are neither injective nor surjective. However, all the maps
are isomorphisms if and only if M satisfies the ∂∂¯-lemma [13].
Therefore, if the ∂∂¯-lemma is satisfied then the above invariants coincide and in particular one has the
Hodge decomposition HkdR(M,C)
∼= ⊕p+q=kH
p,q
∂¯
(M), where Hp,q
∂¯
(M) ∼= H
q,p
∂¯
(M).
Here we will consider nilmanifolds endowed with an invariant complex structure J , i.e. compact quotients
of simply-connected nilpotent Lie groups G by a lattice of maximal rank such that J stems naturally
from a “complex” structure J on the Lie algebra g of G. Many aspects of this complex geometry have
3been investigated by several authors, for instance classification, complex cohomologies computation or
deformation problems [2, 3, 4, 8, 9, 10, 12, 19, 20, 26, 27, 28, 29]. It is well-known that a complex
nilmanifold does not satisfy the ∂∂¯-lemma, unless it is a torus, because it is never formal [13, 18], so the
different cohomologies above do not coincide in general.
Salamon gave in [29] a characterization of the invariant complex structures J as those endomorphisms
J : g −→ g such that J2 = −Id for which there exists a basis {ωj}nj=1 of the i-eigenspace g
1,0 of the
extension of J to g∗
C
= g∗ ⊗R C such that dω
1 = 0 and
dωj ∈ I(ω1, . . . , ωj−1), for j = 2, . . . , n,
where I(ω1, . . . , ωj−1) is the ideal in
∧
∗ g∗
C
generated by {ω1, . . . , ωj−1}. A consequence of this result is the
existence of a nowhere vanishing closed (n, 0)-form Ψ on the nilmanifold, so hBCn,0(M,J) = 1 for any invariant
J . Moreover, for any p ≥ 1 the (p, 0)-form ω1 ∧ · · ·∧ωp is closed and since Hp,0BC(M) = ker{d : Ω
p,0(M) −→
Ωp+1(M)} it defines a non-zero cohomology class. Therefore, for any invariant complex structure J on a
nilmanifold M one has hBCp,0 (M,J) ≥ 1 for all p.
When the subalgebra g1,0 is abelian, the complex structure J is called abelian [3] and the Lie algebra
differential d satisfies d(g1,0) ⊂
∧1,1(g∗). On the other hand, the complex structures associated to complex
Lie algebras satisfy d(g1,0) ⊂
∧2,0
(g∗) and we will refer to them as complex-parallelizable structures. Both
abelian and complex-parallelizable structures are particular classes of nilpotent complex structures [12] for
which there is a basis {ωj}nj=1 for g
1,0 satisfying dω1 = 0 and
dωj ∈
∧
2 〈ω1, . . . , ωj−1, ω1, . . . , ωj−1〉, for j = 2, . . . , n.
Concerning the calculation of Bott-Chern cohomology for nilmanifolds with invariant complex structure,
Angella has proved the following Nomizu type [22] theorem:
Theorem 2.1. [4] If the natural inclusion
(1)
(∧
p,•(g∗), ∂¯
)
→֒ (Ωp,•(M), ∂¯)
induces an isomorphism
(2) ι : Hp,q
∂¯
(g) −→ Hp,q
∂¯
(M)
between the Lie-algebra Dolbeault cohomology of (g, J) and the Dolbeault cohomology of M , then the natural
map
(3) ι : Hp,qBC(g) −→ H
p,q
BC(M)
between the Lie-algebra Bott-Chern cohomology of (g, J) and the Bott-Chern cohomology of M is also an
isomorphism.
Conditions under which the inclusion (1) induces an isomorphism (2) can be found in [9, 12, 27, 28]; for
instance, it is always true for abelian and complex-parallelizable structures on nilmanifolds.
The existence of special Hermitian metrics on a compact complex manifold M is an important question
in complex geometry. Let us denote by F the associated fundamental form. If Fn−1 is ∂∂¯-closed then the
Hermitian metric is called standard or Gauduchon. Recall that by [15] there exists a Gauduchon metric
in the conformal class of any Hermitian metric. Popovici has introduced and studied the special class of
strongly Gauduchon (sG for short) metrics, defined by the condition ∂Fn−1 = ∂¯α for some complex form
α. A particularly interesting class of sG metrics is the one given by the balanced Hermitian metrics, defined
by the condition dFn−1 = 0 [21].
It is clear that any sG metric is a Gauduchon metric. Notice that if the map
(4) Hn,n−1
∂¯
(M) −→ Hn,n−1A (M)
4is injective (for instance if the ∂∂¯-lemma is satisfied or if h0,1(M) = 0) then any Gauduchon metric is an
sG metric; in fact, if ∂∂¯Fn−1 = 0 then ∂Fn−1 defines a class in Hn,n−1
∂¯
(M) such that [∂Fn−1]A = 0 in
Hn,n−1A (M), so the injectivity of (4) implies the existence of a complex form α such that ∂F
n−1 = ∂¯α.
Therefore, if (4) is injective then there exists an sG metric in the conformal class of any Hermitian
metric. Notice that by Serre duality and by the dualities between Aeppli and Bott-Chern cohomologies,
one has that the injectivity of (4) implies
h0,1(M) = dimH
n,n−1
∂¯
(M) ≤ dimHn,n−1A (M) = h
BC
0,1 (M).
Corollary 2.2. Let M be a 2n-dimensional nilmanifold (not a torus) endowed with an abelian complex
structure J . Then, the map (4) is not injective.
Proof. It suffices to show that if J is abelian then h0,1(M) > h
BC
0,1 (M). By Theorem 2.1 we have
H0,1
∂¯
(M) ∼= H
0,1
∂¯
(g) = {α0,1 ∈ g
0,1 | ∂¯α0,1 = 0} ∼= {α1,0 ∈ g
1,0 | ∂α1,0 = 0},
and
H0,1BC(M)
∼= H
0,1
BC(g) = {α0,1 ∈ g
0,1 | dα0,1 = 0} ∼= {α1,0 ∈ g
1,0 | dα1,0 = 0}.
If J is abelian then ∂(g1,0) = 0 and therefore h0,1(M) = n. So, if M is not a torus then h
BC
0,1 (M) < n and
(4) is not injective. 
3. Bott-Chern cohomology in dimension 6
Let M = Γ\G be a 6-dimensional nilmanifold endowed with an invariant complex structure J , and let g
be the Lie algebra of G. Rollenske proved in [27, Section 4.2] that if g 6∼= h7 then the natural inclusion (1)
induces an isomorphism (2), so by Theorem 2.1 the computation of the Bott-Chern cohomology is reduced
to the Lie-algebra level.
In [30] Schweitzer computed the Bott-Chern cohomology of the Iwasawa manifold and in [4] Angella
calculated the Bott-Chern cohomology groups of its small deformations. Notice that by [26, Theorem 2.6]
if J0 is an invariant complex structure for which the inclusion (1) induces an isomorphism (2) then small
deformations Ja of J0 are again invariant for sufficiently small a. Since in this section we compute the
Bott-Chern cohomology of any pair (g, J), we cover the Bott-Chern cohomology of any invariant complex
structure and its sufficiently small deformations on any 6-dimensional nilmanifold with underlying Lie
algebra not isomorphic to h7.
Recall that a 6-dimensional nilpotent Lie algebra has a complex structure if and only if it is isomorphic
to one of the following Lie algebras [29]:
h1 = (0, 0, 0, 0, 0, 0),
h2 = (0, 0, 0, 0, 12, 34),
h3 = (0, 0, 0, 0, 0, 12+ 34),
h4 = (0, 0, 0, 0, 12, 14+ 23),
h5 = (0, 0, 0, 0, 13 + 42, 14 + 23),
h6 = (0, 0, 0, 0, 12, 13),
h7 = (0, 0, 0, 12, 13, 23),
h8 = (0, 0, 0, 0, 0, 12),
h9 = (0, 0, 0, 0, 12, 14+ 25),
h10 = (0, 0, 0, 12, 13, 14),
h11 = (0, 0, 0, 12, 13, 14+ 23),
h12 = (0, 0, 0, 12, 13, 24),
h13 = (0, 0, 0, 12, 13+ 14, 24),
h14 = (0, 0, 0, 12, 14, 13+ 42),
h15 = (0, 0, 0, 12, 13+ 42, 14 + 23),
h16 = (0, 0, 0, 12, 14, 24),
h−19 = (0, 0, 0, 12, 23, 14− 35),
h+26 = (0, 0, 12, 13, 23, 14+ 25).
The Lie algebras h2, . . . , h8 are 2-step nilpotent, whereas h9, . . . , h16 and h
−
19 are 3-step. Notice that h
+
26 is
the only 4-step nilpotent Lie algebra having complex structure.
It is well-known that there are, up to equivalence, two complex-parallelizable structures defined by the
equations
(5) dω1 = dω2 = 0, dω3 = ρω12,
with ρ = 0 or 1, and the Lie algebras are h1 (for ρ = 0) and h5 (for ρ = 1), where the latter case
corresponds to the Iwasawa manifold. The remaining complex structures in dimension 6 are parametrized,
up to equivalence, by the following three families [8]:
5Family I: dω1 = dω2 = 0, dω3 = ρω12 + ω11¯ + λω12¯ +Dω22¯,
where ρ = 0 or 1, D ∈ C with ImD ≥ 0 and λ ∈ R≥0. The complex structure J is abelian if and only if
ρ = 0. The Lie algebra g is 2-step nilpotent with first Betti number ≥ 4, i.e. g is isomorphic to h2, . . . , h6
or h8.
Family II: dω1 = 0, dω2 = ω11¯, dω3 = ρω12 +B ω12¯ + c ω21¯,
where ρ = 0 or 1, B ∈ C and c ∈ R≥0. Moreover, (ρ,B, c) 6= (0, 0, 0). The complex structure J is abelian
if and only if ρ = 0. The Lie algebra g is isomorphic to h7 or h9, . . . , h16.
Family III: dω1 = 0, dω2 = ω13 + ω13¯, dω3 = ε ω11¯ ± i(ω12¯ − ω21¯),
where ε = 0 or 1. In this case, J is a non-nilpotent complex structure. The corresponding Lie algebras are
h−19 (for ε = 0) and h
+
26 (for ε = 1).
Next, we show the cohomology groups Hp,qBC(g, J) for any J given by the Families I, II and III above.
Notice that small deformations of the Iwasawa manifold belong to Family I. It is clear that in all cases
H3,0BC = 〈[ω
123]〉, H3,3BC = 〈[ω
1231¯2¯3¯]〉.
So, up to conjugation, it suffices to describe the Bott-Chern cohomology groups Hp,qBC for (p, q) =
(1, 0), (2, 0), (1, 1), (2, 1), (2, 2), (3, 1) and (3, 2). In the Appendix we provide the precise dimension of these
groups for each Lie algebra g and for each complex structure J on g, up to equivalence, by using the
classification of complex structures given in [3, 8, 32].
In what follows we will use the notation: δexpression =
{
1, expression = 0,
0, expression 6= 0.
Cohomology groups of complex structures J in Family I:
H1,0BC = 〈[ω
1], [ω2]〉, H2,0BC = 〈[ω
12], δD [ω
13]〉,
H1,1BC = 〈[ω
11¯], [ω12¯], [ω21¯], [ω22¯], δρ δD [ω
13¯ + λω23¯], δρ δD [ω
31¯ + λω32¯],
δρ−1δλ2−1−|D|2−2ReD[(D + 1)ω
13¯ +Dλω23¯ − λω31¯ − D¯(D + 1)ω32¯]〉,
H2,1BC = 〈[ω
121¯], [ω122¯], [ω132¯], [ω123¯ − ρω232¯], [ω131¯ −Dω232¯], [ω231¯ + λω232¯], δρ δλ δD [ω
133¯]〉,
H2,2BC = 〈δ2ReD−λ2−ρ[ω
121¯2¯], [ω121¯3¯], [ω122¯3¯], [ω131¯2¯], [ω231¯2¯],{
[ω132¯3¯], [ω231¯3¯], [ω131¯3¯ −Dω232¯3¯], λ = 0, D ∈ R,
[ω132¯3¯ + ω231¯3¯ + λω232¯3¯], [λω131¯3¯ + D¯ ω132¯3¯ +Dω231¯3¯], other case
〉.
H3,1BC = 〈[ω
1231¯], [ω1232¯], δρ [ω
1233¯]〉, H3,2BC = 〈[ω
1231¯2¯], [ω1231¯3¯], [ω1232¯3¯]〉.
Cohomology groups of complex structures J in Family II:
H1,0BC = 〈[ω
1]〉, H2,0BC = 〈[ω
12], δc [ω
13]〉,
H1,1BC = 〈[ω
11¯], [ω12¯], [ω21¯], δB−ρ[ω
13¯ + ρω22¯], δB−ρ[ω
31¯ + ρω22¯],
(1− δB−ρ)[(B − ρ)ω
13¯ + (|B|2 − ρ)ω22¯ + (B¯ − ρ)ω31¯]〉,
6H2,1BC = 〈[ω
121¯], [ω122¯], [ω131¯], [B ω123¯ + ρω231¯], [c ω123¯ + ρω132¯], δρ−1δB−1δc [ω
133¯ + ω232¯]〉,
H2,2BC = 〈[ω
121¯3¯], [ω122¯3¯], [ω131¯2¯], [ω131¯3¯], [ω231¯2¯], δρ−1δBδc [ω
132¯3¯], δρ−1δBδc [ω
231¯3¯],
δ|B|2−c2 [|B|ω
132¯3¯ − B¯ ω231¯3¯]〉,
H3,1BC = 〈[ω
1231¯], [ω1232¯], δρ [ω
1233¯]〉, H3,2BC = 〈[ω
1231¯2¯], [ω1231¯3¯], [ω1232¯3¯]〉.
Cohomology groups of complex structures J in Family III:
H1,0BC = 〈[ω
1]〉, H2,0BC = 〈[ω
12]〉, H1,1BC = 〈[ω
11¯], [ω12¯ − ω21¯]〉,
H2,1BC = 〈[ω
131¯], [ω123¯], [ω133¯ ∓ i ω122¯]〉,
H2,2BC = 〈[ω
121¯3¯], [ω131¯2¯], [ω132¯3¯ + ω231¯3¯], δε [ω
232¯3¯]〉,
H3,1BC = 〈[ω
1231¯], [ω1233¯]〉, H3,2BC = 〈[ω
1231¯2¯], [ω1232¯3¯]〉.
The above families together with the Bott-Chern cohomology of the Iwasawa manifold [30] cover all the
Bott-Chern cohomology groups Hp,qBC(g, J) for any 6-dimensional g and any J .
If M = Γ\G is a 6-dimensional nilmanifold endowed with an invariant complex structure J admitting
balanced or sG metrics then the Lie algebra g of G must be isomorphic to h1, . . . , h6 and h
−
19 [8], so in
particular either J is complex-parallelizable or it belongs to Families I or III. Using the classification results
of [8], in Table 1 we show the complex structures J in Family I, up to equivalence, on h2, . . . , h6 that admit
balanced Hermitian metrics together with the dimension of their Bott-Chern cohomology groups. Notice
that the remaining cases admitting balanced metrics are, apart from the trivial case h1, the Iwasawa
manifold and any complex structure on h−19, for which the Bott-Chern cohomology is obtained by taking
ε = 0 in Family III above.
We finish this section with an application to the existence of sG metrics on certain 6-nilmanifolds. By
Proposition 2.2 we know that if J is abelian then (4) is not injective. In contrast, we have:
Proposition 3.1. Let M be a 6-dimensional 2-step nilmanifold endowed with an invariant complex struc-
ture J belonging to Family I. If J is nilpotent but not abelian, then the map (4) is injective.
Proof. First notice that the Lie algebras underlying M are h2, h4, h5, h6, because any J on h1, h3 and h8 is
abelian. Since g 6∼= h7, we have H
3,2
∂¯
(M) ∼= H
3,2
∂¯
(g) and H3,2A (M) = H
3,2
A (g). A direct calculation from the
equations in Family I with ρ = 1 shows thatH3,2
∂¯
(g) = 〈[ω1231¯3¯], [ω1232¯3¯]〉 andH3,2A (g) = 〈[ω
1231¯3¯], [ω1232¯3¯]〉,
so the natural map H3,2
∂¯
(g) −→ H3,2A (g) is injective. 
This result explains why on a nilmanifold with underlying Lie algebra isomorphic to h2, h4, h5 or h6,
any invariant J-Hermitian metric with respect to a non-abelian nilpotent J is sG [8, Proposition 7.3 and
Remark 7.4]. In fact, any invariant Hermitian metric is Gauduchon, so the injectivity of (4) implies that
it is automatically sG. The classification of non-abelian nilpotent complex structures on h2, . . . , h6 and
their Bott-Chern cohomology is given in the Appendix. Notice that with respect to an abelian complex
structure, a metric is sG if and only if it is balanced [8], so the classification of abelian complex structures
admitting sG is already given in Table 1.
7J in Family I admitting balanced metric Bott-Chern cohomology of J
g ρ λ D = x+ iy hBC1,0 h
BC
2,0 h
BC
1,1 h
BC
2,1 h
BC
3,1 h
BC
2,2 h
BC
3,2
h2 1 1 y>0
x=−1±
√
1− y2
2 1
5
6 2 6 3
x< 1
4
− y2
x 6= −1±
√
1− y2
4
x< 1
4
− y2
h3 0 0 x=−1, y=0 2 1 4 6 3 7 3
h4 1 1
x 6=0=y x=−2
2 1
5
6 2 6 3
x< 1
4
x 6=−2 4
0 1 y=0
x=0 2 6
3 6
0<x< 1
4 1
4
0 y=0 − 1
4
<x<0 7
0<λ2< 1
2
x=0
y=0 2
0<y< λ
2
2
1
h5 1
2
≤ λ2<1 x=0 y=0 2 2 6 2 6 3
1 0<y< 1−λ
2
2
1
1<λ2 ≤ 5 x=0 y=0 2
0<y< λ
2
−1
2
1
λ2>5 x=0
y=0 2
0<y< λ
2
−1
2
, y 6= √λ2 − 1
1
y=
√
λ2 − 1< λ2−1
2
5
h6 1 1 x=0=y 2 2 5 6 2 6 3
Table 1. Classification of complex structures on h2, . . . , h6 admitting
balanced Hermitian metric and their Bott-Chern cohomology
4. Bott-Chern cohomology and holomorphic deformations
In this section we use the explicit description of the Bott-Chern cohomology groups obtained in Section 3
to show some aspects of their behaviour under holomorphic deformation.
Let ∆ be an open disc around the origin in C. Following [25, Definition 1.12], a given property P of
a compact complex manifold is said to be open under holomorphic deformations if for every holomorphic
family of compact complex manifolds (M,Ja)a∈∆ and for every a0 ∈ ∆ the following implication holds:
(M,Ja0) has property P =⇒ (M,Ja) has property P for all a ∈ ∆ sufficiently close to a0.
A given property P of a compact complex manifold is said to be closed under holomorphic deformations if
for every holomorphic family of compact complex manifolds (M,Ja)a∈∆ and for every a0 ∈ ∆ the following
implication holds:
(M,Ja) has property P for all a ∈ ∆\{a0} =⇒ (M,Ja0) has property P .
Concerning the existence of special Hermitian metrics and holomorphic deformations, Alessandrini and
Bassanelli proved in [2] that the balanced property of compact complex manifolds is not deformation open.
In contrast to the balanced case, Popovici has proved in [24] that the sG property of compact complex
manifolds is open under holomorphic deformations. However, in [8] it is shown that the sG property and the
balanced property of compact complex manifolds are not closed under holomorphic deformations (see [25]
for a discussion on deformation openness and closedness of various classes of compact complex manifolds).
8On the other hand, Popovici has proved that the existence of sG metric is guaranteed under strong
additional conditions, concretely:
Proposition 4.1. [23, Proposition 4.1] Let Ma be a complex analytic family of compact complex manifolds.
If the ∂∂¯-lemma holds on Ma for every a ∈ ∆\{0}, then M0 has an sG metric.
An interesting problem is if the conclusion in the above proposition holds under conditions weaker than
the ∂∂¯-lemma.
Recently, Angella and Tomassini have proved [6] that for a compact complex manifold M∑
p+q=k
(
hBCp,q (M) + h
BC
n−p,n−q(M)
)
≥ 2bk(M), 0 ≤ k ≤ 2n,
where bk(M) denotes the k-th Betti number of M , and that all the inequalities are equalities if and only
if M satisfies the ∂∂¯-lemma.
Let us denote by fk(M) the non-negative integer given by
fk(M) =
∑
p+q=k
(
hBCp,q (M) + h
BC
n−p,n−q(M)
)
− 2bk(M).
For each 0 ≤ k ≤ n, we consider the property
Fk = {the compact complex manifold satisfies fk = 0}.
By [6] the compact complex manifold M satisfies the ∂∂¯-lemma if and only if M has the property Fk for
any k ≤ n.
For each k, the property Fk is open under holomorphic deformation. In fact, this follows from [6] and
the fact that the dimensions hBCp,q (Ma) are upper-semi-continuous functions at a [30]. Therefore, we have:
Proposition 4.2. Let M be a compact complex manifold for which the property Fk holds, and let Ma be a
small deformation of M . Then, for sufficiently small a the manifold Ma has the property Fk, h
BC
p,q (Ma) =
hBCp,q (M) and h
BC
n−p,n−q(Ma) = h
BC
n−p,n−q(M) for any (p, q) such that p+ q = k.
It is unknown if the ∂∂¯-lemma is closed under holomorphic deformation. Concerning a given property
Fk, in the following proposition we show that it is non closed under holomorphic deformation. Concretely,
using the results of the previous section, for k = 2 we have:
Proposition 4.3. Let (M,J0) be a compact nilmanifold with underlying Lie algebra h4 endowed with
an abelian complex structure J0. Then, there is a holomorphic family of compact complex manifolds
(M,Ja)a∈∆, where ∆ = {a ∈ C | |a| <
1
3}, such that (M,Ja) satisfies the property F2 for each a ∈ ∆\{0},
but (M,J0) does not satisfy F2.
Proof. There is only one abelian complex structure onM up to isomorphism, whose Bott-Chern cohomology
is given in the table for h4 in Section 6. Since b2(M) = 8, one has that f2(M,J0) = 2.
Using the Kuranishi’s method, Maclaughlin, Pedersen, Poon and Salamon proved in [20] that J0 has a
locally complete family of deformations consisting entirely of invariant complex structures and obtained
the deformation parameter space in terms of invariant forms. Writing the structure equations of J0 as
dη1 = dη2 = 0, dη3 =
i
2
η11¯ +
1
2
η12¯ +
1
2
η21¯,
by [19, 20] any complex structure sufficiently near to J0 has a basis of (1, 0)-forms such that
(6)


µ1 = η1 +Φ11 η
1¯ +Φ12 η
2¯,
µ2 = η2 +Φ21 η
1¯ +Φ22 η
2¯,
µ3 = η3 +Φ31 η
1¯ +Φ32 η
2¯ +Φ33 η
3¯,
where i(1+Φ33)Φ
1
2 = (1−Φ
3
3)(Φ
1
1−Φ
2
2) and the coefficients Φ
i
j are sufficiently small. The complex structure
remains abelian if and only if Φ12 = 0 and Φ
1
1 = Φ
2
2.
9We will consider the particular holomorphic deformation Ja given in [8] by shrinking conveniently the
radius of the deformation disc. For each a ∈ C such that |a| < 1, we consider the basis of (1,0)-forms
{µ1, µ2, µ3} given by
µ1 = η1 + aη1¯ − iaη2¯, µ2 = η2, µ3 = η3.
Notice that this choice corresponds to Φ11 = a, Φ
1
2 = −ia and Φ
2
1 = Φ
2
2 = Φ
3
1 = Φ
3
2 = Φ
3
3 = 0 in the
parameter space (6). Following [8, Theorem 7.9], for any a ∈ C such that 0 < |a| < 1 the complex
structure Ja is nilpotent but not abelian, and there is a (1,0)-basis {τ
1, τ2, τ3} such that the structure
equations for Ja are
(7) dτ1 = dτ2 = 0, dτ3 = τ12 + τ11¯ +
1
|a|
τ12¯ +
1− |a|2
4|a|2
τ22¯.
Moreover, using [8, Proposition 3.7] there is a basis {ω1, ω2, ω3} of (1, 0)-forms for which (7) can be reduced
to the normalized structure equations
(8) dω1 = dω2 = 0, dω3 = ω12 + ω11¯ + ω12¯ +
|a|2 − 1
4|a|2
ω22¯,
that is, the coefficients (ρ, λ,D) satisfy ρ = λ = 1 and D = |a|
2−1
4|a|2 < 0.
Now, let us compute f2 for any Ja with a 6= 0. Since
f2(M,Ja) = 2 h
BC
2,0 (M,Ja) + h
BC
1,1 (M,Ja) + 2 h
BC
3,1 (M,Ja) + h
BC
2,2 (M,Ja)− 2b2(M),
from the table for h4 given in the Appendix, we have h
BC
2,0 (M,Ja) = 1, h
BC
3,1 (M,Ja) = 2 and h
BC
2,2 (M,Ja) = 6.
Moreover, hBC1,1 (M,Ja) = 4 if and only if
|a|2−1
4|a|2 6= −2, that is, if and only if |a| 6=
1
3 . Therefore, for
0 < |a| < 13 we conclude that h
BC
1,1 (M,Ja) = 4 and therefore f2(M,Ja) = 0. 
Remark 4.4. Notice that the holomorphic deformation is defined for |a| < 1 and the dimensions of the
Bott-Chern cohomology groups vary with a as follows:
hBC1,1 (M,Ja) = 4 for a such that |a| 6=
1
3 and h
BC
1,1 (M,Ja) = 5 if |a| =
1
3 ;
hBC3,1 (M,J0) = 3 and h
BC
3,1 (M,Ja) = 2 for any 0 < |a| < 1.
The complex manifold (M,J0) does not admit any sG metric [8], therefore as a consequence of Propo-
sition 4.3 we get:
Corollary 4.5. Let (M,J0) be a compact nilmanifold with underlying Lie algebra h4 endowed with abelian
complex structure J0. Then, there is a holomorphic family of compact complex manifolds (M,Ja)a∈∆,
where ∆ = {a ∈ C | |a| < 13}, such that (M,Ja) satisfies property F2 for each a ∈ ∆\{0}, but (M,J0) does
not admit any sG metric.
This corollary says that Proposition 4.1 does not hold in general if we weaken the ∂∂¯-lemma condition,
that is, having a weaker property Fk is not sufficient to ensure the existence of a sG metric.
For any compact complex manifold M , Schweitzer proved in [30, Lemma 3.3] that
hBC1,1 (M) + 2 h0,2(M) ≥ b2(M),
where h0,2(M) denotes the dimension of the Dolbeault cohomology group H
0,2
∂¯
(M), and moreover, if M is
Ka¨hler then the equality holds. More generally, one has
Proposition 4.6. If M is a compact complex manifold then for any r ≥ 1
hBC1,1 (M) + 2 dimE
0,2
r (M) ≥ b2(M),
where E0,2r (M) denotes the r-step (0, 2)-term of the Fro¨licher spectral sequence. Moreover, if M satisfies
the ∂∂¯-lemma then the above inequalities are all equalities.
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Proof. For r = 1 the term E0,21 (M) is precisely the Dolbeault cohomology group H
0,2
∂¯
(M). We recall [11]
that
E0,22 (M) =
{α0,2 ∈ Ω
0,2(M) | ∂¯α0,2 = 0, ∂α0,2 = ∂¯α1,1}
∂¯(Ω0,1(M))
,
E0,23 (M) =
{α0,2 ∈ Ω
0,2(M) | ∂¯α0,2 = 0, ∂α0,2 = ∂¯α1,1, ∂α1,1 = ∂¯α2,0}
∂¯(Ω0,1(M))
,
and
E0,2r (M) =
{α0,2 ∈ Ω
0,2(M) | ∂¯α0,2 = 0, ∂α0,2 = ∂¯α1,1, ∂α1,1 = ∂¯α2,0, ∂α2,0 = 0}
∂¯(Ω0,1(M))
,
for any r ≥ 3. Let us consider the sequence
0→ Z1,1(M) →֒ H1,1BC(M)
u
→ H2dR(M,C)
vr→ E0,2r (M)⊕ E
0,2
r (M)→ coker(vr)→ 0,
where Z1,1(M) = ker{d : Ω
1,1(M)−→Ω3(M)} ∩ d(Ω1)
∂∂¯(Ω0(M))
, u is the natural map and vr is given by
vr([α = α2,0 + α1,1 + α0,2]dR) = ([α2,0], [α0,2]) ∈ E
0,2
r (M)⊕ E
0,2
r (M).
The above sequence is exact because ker vr ⊂ imu. In fact, if ([α2,0], [α0,2]) = (0, 0) in E
0,2
r (M)⊕E0,2r (M)
then α2,0 = ∂β1,0 and α0,2 = ∂¯β0,1 for some (0,1)-forms β1,0 and β0,1. Therefore, the (1,1)-form γ =
α1,1 − ∂¯β1,0 − ∂β0,1 is closed and
α− γ = d(β1,0 + β0,1),
that is, γ defines a class in H1,1BC(M) such that u([γ]BC) = [α]dR.
Now, the exactness of the sequence implies
0 = dimZ1,1(M)− hBC1,1 (M) + b2(M)− 2 dimE
0,2
r (M) + dim coker(vr)
≥ b2(M)− h
BC
1,1 (M)− 2 dimE
0,2
r (M).
Under the ∂∂¯-lemma the natural map Hp,qBC(M) −→ H
p,q
∂¯
(M) is an isomorphism, so h2,0(M) =
hBC2,0 (M) = h
BC
0,2 (M) = h0,2(M) and h1,1(M) = h
BC
1,1 (M). Moreover, by [13] the Fro¨licher spectral se-
quence degenerates at the first step, therefore for any r one has that dimE0,2r (M) = h0,2(M) and
b2(M) = h2,0(M) + h1,1(M) + h0,2(M) = h
BC
1,1 (M) + 2 dimE
0,2
r (M).

Let M be a compact complex manifold. From now on, we denote by kr(M) the non-negative integer
given by
kr(M) = h
BC
1,1 (M) + 2 dimE
0,2
r (M)− b2(M).
Therefore, kr(M) are complex invariants which vanish if the manifold M satisfies the ∂∂¯-lemma. Notice
that k1(M) ≥ k2(M) ≥ k3(M) = kr(M) ≥ 0 for any r ≥ 4.
Remark 4.7. In general k1(M), k2(M) and k3(M) do not coincide. For example, let M be a nilmanifold
with underlying Lie algebra h15, for which b2(M) = 5. From the cases for ρ = 1 on h15 given in the
Appendix and from [8, Proposition 6.2] we get:
• if J is a complex structure defined by ρ = B = 1 and c > 2, then hBC1,1 (M,J) = 5 and
dimE0,21 (M,J) = dimE
0,2
2 (M,J) = 2 > 1 = dimE
0,2
3 (M,J), so
(k1(M,J),k2(M,J),k3(M,J)) = (4, 4, 2);
• if J ′ is a complex structure defined by ρ = 1 6= |B| and c = 0, then hBC1,1 (M,J
′) = 4 and
dimE0,21 (M,J
′) = 2 > 1 = dimE0,22 (M,J
′) = dimE0,23 (M,J
′), therefore
(k1(M,J
′),k2(M,J
′),k3(M,J
′)) = (3, 1, 1).
There exist compact complex manifolds M having no Ka¨hler metric but with kr(M) = 0, the Iwasawa
manifold being an example. More generally:
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Proposition 4.8. Let M be a compact complex-parallelizable nilmanifold. Then, kr(M) = 0 for all r.
Proof. It suffices to prove the result for r = 1. Let g be the Lie algebra underlying M . Since all the
cohomology groups involved can be computed at the Lie-algebra level and since ∂¯(g1,0) = 0 because the
complex structure is parallelizable, we have that the sequence
0→ H1,1BC(g) = ker
{
d :
∧
1,1(g∗) −→
∧
3(g∗)
}
u
→֒ H2dR(g;C)
v1−→ H0,2
∂¯
(g)⊕H0,2
∂¯
(g)→ 0
is a short exact sequence. Therefore, hBC1,1 (M)− b2(M) + 2 h0,2(M) = 0. 
Since the vanishing of k1(M) implies the vanishing of any other kr(M), next we consider the property
K = {the compact complex manifold satisfies k1 = 0}.
It is clear that any compact complex manifold satisfying the ∂∂¯-lemma has the property K.
By the same argument as for Fk, the property K is open under holomorphic deformations. As a
consequence of Proposition 4.8 we have:
Corollary 4.9. Let M be a compact complex-parallelizable nilmanifold and Ma a small deformation of M .
Then, Ma has the property K, h
BC
1,1 (Ma) = h
BC
1,1 (M) and h0,2(Ma) = h0,2(M) for sufficiently small a.
Remark 4.10. In particular hBC1,1 is stable under small deformations of the Iwasawa manifold. Notice that
for such deformations, Angella [4] proved that hBC1,1 = 4 and h0,2 = 2.
Proposition 4.11. The property K is not closed under holomorphic deformation.
Proof. The proof is similar to that of Proposition 4.3. For the holomorphic deformation given there,
counting the dimension of the Dolbeault cohomology group obtained in [8, Proposition 6.1], we get that
h0,2(M,J0) = 3 and h0,2(M,Ja) = 2 for any a 6= 0. Since h
BC
1,1 (M,Ja) = 4 for any a such that |a| <
1
3 we
conclude that k1(M,Ja) = 0 for 0 < |a| <
1
3 , but k1(M,J0) = 2. 
The deformation of the abelian complex structure J0 on h4 allowed us to show that in general the
properties F2 and K are not closed under holomorphic deformation. Moreover, combining Propositions 4.3
and 4.11 with the results on balanced metrics and Fro¨licher sequence in [8] we have
Theorem 4.12. Let (M,J0) be a compact nilmanifold with underlying Lie algebra h4 endowed with abelian
complex structure J0. Then, there is a holomorphic family of compact complex manifolds (M,Ja)a∈∆,
where ∆ = {a ∈ C | |a| < 13}, such that (M,Ja) satisfies properties F2 and K, admits balanced metric
and has degenerate Fro¨licher sequence for each a ∈ ∆\{0}, but (M,J0) does not admit sG metrics, the
properties F2 and K fail and its Fro¨licher’s spectral sequence does not degenerate at the first step.
5. On the moduli space of type IIB supersymmetric solutions on nilmanifolds
Tseng and Yau showed in [31] that the Bott-Chern cohomology can be used to count a subset of
scalar moduli fields in Minkowski type IIB compactifications with Ramond-Ramond fluxes and branes. It
is motivated by the link that exists between the Maxwell equations and the de Rham cohomology and
the similarities between the type IIB Minkowski supergravity equations (see e.g. [16]) and the Maxwell
equations. Notice that N = 1 Minkowski vacua of type II string theories on 6-dimensional nilmanifolds are
found in [17].
Recall that type II supergravity equations arise from imposing N = 1 supersymmetry on the product
R3,1×M6 of the Minkowski spacetime and a compact 6-dimensional manifold with the conformally warped
metric
ds2 = e2fds2
R3,1
+ ds2M6 ,
where e2f is the conformal factor. In particular, type IIB supersymmetric solutions with O5/D5 brane
sources are required to be complex. Such solutions have an SU(3) structure which is encoded in a nowhere
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vanishing decomposable (3,0)-form Ψ and a balanced Hermitian (1,1)-form F on M . The SU(3) data
(Ψ, F ) satisfy F ∧Ψ = 0 and iΨ ∧Ψ = 43e
2fF 3, together with the differential conditions
(9) dΨ = 0, d(F 2/2) = 0, ddc(e−2f F ) = ρB,
where dc = i(∂¯ − ∂) (and therefore, ddc = 2 i ∂∂¯) and ρB is the Poincare´ dual four-current of complex
codimension two holomorphic submanifolds which the O5/D5-branes wrap around. Non-trivial background
solutions of the differential system above have a non-zero 3-form flux, H , given by H = dc(e−2f F ).
Suppose that the complex manifold is fixed, i.e. let us fix Ψ. If additionally the source current ρB and
the conformal factor e−2f do not vary, Tseng and Yau proved that the moduli space of solutions for F ,
given by the linearized variation F → F + δF , is parametrized by the harmonic (1, 1)-forms of the Aeppli
cohomology which are also primitive, i.e. δF ∈ H1,1A (M) ∩ P
2. (We recall that a (1, 1)-form β is primitive
if F 2 ∧ β = 0.) Using the duality between Bott-Chern and Aeppli cohomologies (that extends also to the
harmonic forms [30]), the linearized deformation can be computed in terms of the Bott-Chern cohomology,
that is to say, δ(F 2/2) = F ∧ δF is parametrized by
δ(F 2/2) ∈ H2,2BC(M) ∩ (F ∧ P
2),
where H2,2BC(M) denotes the harmonic forms of the Bott-Chern cohomology group H
2,2
BC(M), i.e. closed
(2, 2)-forms α such that ∂∂¯(∗α) = 0, ∗ being the Hodge star operator with respect to the Hermitian
metric. Notice that the space F ∧ P2 coincides with the kernel of F ∧ · : Ω2,2(M) → Ω3,3(M) because
F ∧ · : Ω1,1(M)→ Ω2,2(M) is an isomorphism.
From now on, given a compact 6-dimensional manifold M endowed with a complex structure J , induced
by a nowhere vanishing closed (3,0)-form Ψ, and a balanced J-Hermitian structure F , i.e. dΨ = 0 = dF 2,
we denote by L2,2(M,J, F ) the space
L2,2(M,J, F ) = H2,2BC(M,J) ∩ (F ∧ P
2) = {α ∈ Ω2,2(M) | dα = ∂∂¯(∗α) = α ∧ F = 0}.
Motivated by the existence of Minkowski type IIB solutions on 6-dimensional nilmanifolds [17], next we
describe the space above for any 6-dimensional nilmanifold M = Γ\G endowed with an invariant balanced
Hermitian structure (J, F ). Notice that in this case L2,2(M,J, F ) can be obtained at the level of the Lie
algebra g underlying M = Γ\G. By Section 3 the possible Lie algebras are h2, . . . , h6 and h
−
19. We will use
the description of the space of invariant balanced Hermitian structures given in [33].
5.1. The space L2,2 for complex structures in Family I. Let J be a complex structure in Family I
on the Lie algebra g = hi, 2 ≤ i ≤ 6. According to [33], any balanced Hermitian metric F is given by
(10) 2F = i(ω11¯ + s2 ω22¯ + t2 ω33¯) + uω12¯ − u¯ ω21¯, s, t ∈ R− {0}, u ∈ C,
where s2 > |u|2 and s2 + D = iλu¯. Moreover, by [8, Proposition 7.7] the coefficients of the complex
structure must satisfy 2ReD 6= λ2 + ρ (see also Table 1).
In order to describe the space L2,2(M,J, F ), we first notice that any ∂∂¯(ωjk¯) vanishes except for
∂∂¯(ω33¯) = (2ReD − λ2 − ρ)ω121¯2¯ 6= 0. So using the Hermitian metric corresponding to (10) and the
explicit basis of H2,2BC given in Section 3, we have
H2,2BC = 〈ω
121¯3¯, ω122¯3¯, ω131¯2¯, ω231¯2¯, ω132¯3¯, ω231¯3¯, ω131¯3¯ −Dω232¯3¯〉
when λ = 0 and D ∈ R (notice that D < 0), and
H2,2BC = 〈ω
121¯3¯, ω122¯3¯, ω131¯2¯, ω231¯2¯, ω132¯3¯ + ω231¯3¯ + λω232¯3¯, λ ω131¯3¯ + D¯ ω132¯3¯ +Dω231¯3¯〉,
in any other case.
Now, it is straightforward to verify that the forms ω121¯3¯, ω122¯3¯, ω131¯2¯ and ω231¯2¯ are annihilated by F .
If λ = 0 and D < 0, then a direct computation shows that
ω132¯3¯ ∧ F = u¯ ω1231¯2¯3¯, ω231¯3¯ ∧ F = −uω1231¯2¯3¯, (ω131¯3¯ −Dω232¯3¯) ∧ F = −2iDω1231¯2¯3¯.
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We consider two (2,2)-forms θ1 and θ2 depending on the vanishing of the metric coefficient u as follows: θ1 =
ω132¯3¯ and θ2 = ω
231¯3¯ when u = 0; otherwise, θ1 = uω
132¯3¯+u¯ ω231¯3¯ and θ2 = 2iDω
231¯3¯−u (ω131¯3¯−Dω232¯3¯).
It is easy to check that the forms θ1 and θ2 are harmonic and satisfy θi ∧ F = 0 for i = 1, 2.
For the remaining complex structures in Family I admitting balanced metric, the coefficient λ is nonzero
and in addition to ω121¯3¯, ω122¯3¯, ω131¯2¯ and ω231¯2¯, we can consider one more harmonic (2,2)-form belonging
to the space F ∧ P2, namely
γ = (λs2 − 2 Im (Du))(ω132¯3¯ + ω231¯3¯ + λω232¯3¯)− (λ − 2 Im u) (λω131¯3¯ + D¯ ω132¯3¯ +Dω231¯3¯).
Lemma 5.1. Let J be a complex structure in Family I such that λ 6= 0 and admits balanced J-Hermitian
metrics. Then γ 6= 0.
Proof. Let us suppose that γ = 0 and λ 6= 0. Then λ = 2 Im u and λs2 = 2 Im (Du), and therefore
(11) s2 Im u = Reu ImD+ Im uReD.
On the other hand, taking real and imaginary parts in s2+D = i λ u¯ one obtains that s2+ReD = λIm u
and ImD = λReu. Substituting in (11) we conclude that s4 = |D|2 and condition s2 +ReD = λIm u
reads as |D|+ReD = λ
2
2 . But this contradicts [8] because any complex structure in Family I with λ 6= 0
and admitting balanced J-Hermitian metric satisfies |D|+ReD 6= λ
2
2 (see also Table 1). 
Proposition 5.2. Let M = Γ\G be a nilmanifold endowed with a complex structure J in Family I
admitting balanced metric. Then, for any invariant balanced J-Hermitian structure F we have that
dimL2,2(Γ\G, J, F ) = 6 if λ = 0, and dimL2,2(Γ\G, J, F ) = 5 otherwise. Furthermore, with respect
to the basis {ω1, ω2, ω3} given in Section 3 and the balanced structure (10) we have
L2,2(Γ\G, J, F ) =


〈ω121¯3¯, ω122¯3¯, ω131¯2¯, ω231¯2¯, θ1, θ2〉, if λ = 0,
〈ω121¯3¯, ω122¯3¯, ω131¯2¯, ω231¯2¯, γ〉, if λ 6= 0.
Notice that if λ = 0 then g ∼= h3 or h5. By Table 1, for h3 we have ρ = 0, D = −1, s
2 = 1 and u = 0,
whereas for h5 we have ρ = 1, D ∈ (−1/4, 0) and u can be zero or not.
5.2. The space L2,2 for complex structures in Family III. Let J be a complex structure in Family III
on the Lie algebra h−19, i.e. ε = 0. In [32] it is proved that any balanced Hermitian metric F is given by
(12) 2F = i(r2 ω11¯ + s2 ω22¯ + t2 ω33¯) + v (ω23¯ − ω32¯), r, s, t ∈ R− {0},
where either (t2, v) = (1, 0) or v = 1 with s2t2 > 1.
Since any ∂∂¯(ωjk¯) vanishes except for ∂∂¯(ω22¯) = −2ω131¯3¯ and ∂∂¯(ω33¯) = −2ω121¯2¯, using the Hermitian
metric corresponding to (12) and the explicit basis of H2,2BC given in Section 3, we conclude that
H2,2BC = 〈ω
121¯3¯, ω131¯2¯, ω132¯3¯ + ω231¯3¯, ω232¯3¯〉.
A direct computation shows that (ω132¯3¯ + ω231¯3¯) ∧ F = 0 and
ω121¯3¯ ∧ F = v ω1231¯2¯3¯, ω131¯2¯ ∧ F = −v ω1231¯2¯3¯, ω232¯3¯ ∧ F = i r2 ω1231¯2¯3¯.
Proposition 5.3. Let M−19 be a nilmanifold with underlying Lie algebra h
−
19 endowed with a complex struc-
ture J in Family III. Then, dimL2,2(M−19, J, F ) = 3 for any invariant balanced J-Hermitian structure F .
Moreover, with respect to the basis {ω1, ω2, ω3} given in Section 3 and the balanced structure (12) we have
L2,2(M−19, J, F ) =


〈ω121¯3¯, ω131¯2¯, ω132¯3¯ + ω231¯3¯〉, if v = 0,
〈ω121¯3¯ + ω131¯2¯, ω132¯3¯ + ω231¯3¯, i r2 ω121¯3¯ − ω232¯3¯〉, if v = 1.
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5.3. The space L2,2 for the Iwasawa manifold. With respect to the usual (1,0)-basis {ω1, ω2, ω3}, any
balanced Hermitian metric on the Iwasawa manifold M0 is equivalent to one in the following family:
(13) 2F = i(ω11¯ + ω22¯ + t2ω33¯), t ∈ R− {0}.
By [30], or directly by equations (5) for ρ = 1, we have
H2,2BC = 〈[ω
121¯3¯], [ω122¯3¯], [ω131¯2¯], [ω131¯3¯], [ω132¯3¯], [ω231¯2¯], [ω231¯3¯], [ω232¯3¯]〉.
It is straightforward to see that the representatives above are harmonic (2, 2)-forms. Moreover, all the
generators are annihilated by F except for ω131¯3¯ ∧ F = ω232¯3¯ ∧ F = i
2 ω
1231¯2¯3¯.
Proposition 5.4. The space L2,2(M0, F ) has dimension 7 for any invariant balanced Hermitian structure
F on the Iwasawa manifold M0. Furthermore,
L2,2(M0, F ) = 〈ω
121¯3¯, ω122¯3¯, ω131¯2¯, ω132¯3¯, ω231¯2¯, ω231¯3¯, ω131¯3¯ − ω232¯3¯〉.
As a consequence of Propositions 5.2 and 5.4 we get:
Proposition 5.5. The dimension of the space L2,2 is not stable under small deformations of the Iwasawa
manifold.
Proof. By Proposition 5.4, dimL2,2(M0, F ) = 7 for any F . We will construct a deformation Ma, a ∈
C with |a| < 1, of the Iwasawa manifold M0 admitting balanced structures for each a and such that
dimL2,2(Ma, F ) = 5 for 0 < |a| < 1 and for any balanced F on Ma.
Writing the structure equations of M0 = (M,J0) as
dη1 = dη2 = 0, dη3 = η12,
by [19] any complex structure sufficiently near to J0 has a basis of (1, 0)-forms of the form (6) with
Φ33 = Φ
1
2Φ
2
1−Φ
1
1Φ
2
2. For each a ∈ C such that |a| < 1, we consider the complex structure Ja corresponding
to Φ22 = a and all the remaining Φ
i
j = 0 in (6), that is,
(14) µ1 = η1, µ2 = η2 + aη2¯, µ3 = η3.
Then, for any a ∈ C such that |a| < 1 the structure equations of Ja are
(15) dµ1 = dµ2 = 0, dµ3 =
1
1− |a|2
(µ12 − aµ12¯).
Now, for each a 6= 0, let us consider ω1 = µ1, ω2 = 1
a¯
µ1 + µ2 and ω3 = (1− |a|2)µ3. Then, with respect to
the basis of (1, 0)-forms {ω1, ω2, ω3} the equations (15) are reduced to the normalized structure equations
(16) dω1 = dω2 = 0, dω3 = ω12 + ω11¯ − aω12¯.
Therefore, the coefficients (ρ, λ,D) can be supposed to take the values ρ = 1, λ = |a| and D = 0.
Now, for any a such that 0 < |a| < 1, it follows from Table 1 that Ja has balanced Hermitian structures F .
Moreover, by Proposition 5.2 we have dimL2,2(Ma, F ) = 5 for any such F . 
Remark 5.6. Let M be the nilmanifold underlying the Iwasawa manifold M0 = (M,J0) and consider
a balanced Hermitian metric F0,t given by (13). Then from the proof of Proposition 5.5 an explicit
deformation of the balanced structure (J0, F0,t) along which the dimension of L
2,2 varies can be obtained
as follows. Let us consider the metric
Fa,t =
i
2
(
µ11¯ +
1
1− |a|2
µ22¯ + t2µ33¯
)
,
where {µ1, µ2, µ3} denotes the basis (14). Then Fa,t is a Ja-Hermitian metric for any a ∈ ∆ = {a ∈
C | |a| < 0}, and from (15) we have that F 2a,t is a closed form, that is, Fa,t is a balanced metric on M .
Therefore, dimL2,2(M,Ja, Fa,t) = 5 for a ∈ ∆− {0}, but dimL
2,2(M,J0, F0,t) = 7.
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6. Appendix
Here we show the dimensions of the Bott-Chern cohomology groups for each pair (g, J), except for the
ones corresponding to the torus and the Iwasawa manifold which can be found in [30]. In the following
tables, different values of the parameters correspond to non-isomorphic complex structures (see [8] for
details). Since hBC3,0 = 1 = h
BC
3,3 , by the duality in the Bott-Chern cohomology it suffices to show the
dimensions hBCp,q for (p, q) = (1, 0), (2, 0), (1, 1), (2, 1), (2, 2), (3, 1) and (3, 2).
Family I Bott-Chern cohomology
g ρ λ D = x+ iy hBC1,0 h
BC
2,0 h
BC
1,1 h
BC
2,1 h
BC
3,1 h
BC
2,2 h
BC
3,2
h2
0 0 y = 1
x = 0
2 1 4 6 3
7
3
x 6= 0 6
1 1 y > 0
x = −1±
√
1− y2
2 1
5
6 2
6
3
x 6= −1±
√
1− y2
4x 6= 1
x = 1 7
h3 0 0 ±1 2 1 4 6 3 7 3
h4
0 1 1
4
2 1 4 6 3 6 3
1 1
−2
2 1
5
6 2
6
3D ∈ R − {−2, 0, 1}
4
1 7
h5
0 1
0
2
2 6
6 3 6 3
D ∈ (0, 1
4
)
1 4
1
0
y = 0
x = 0 2 7
x = 1
2
1
8
x 6= 0, 1
2
, x > − 1
4 7
0 < y2 < 3
4
x = 1
2
y > 0 x 6= 1
2
, x > y2 − 1
4
6
0 < λ2 < 1
2
x = 0
y = 0 2
0 < y < λ
2
2
2 1 4 6 2 3
1
2
≤ λ2 < 1 x = 0 y = 0 2
0 < y < 1−λ
2
2
1
1 < λ2 ≤ 5 x = 0 y = 0 2
0 < y < λ
2
−1
2
1
λ2 > 5 x = 0
y = 0 2
0 < y < λ
2
−1
2
, y 6= √λ2 − 1
1
0 < y < λ
2
−1
2
, y =
√
λ2 − 1 5
h6 1 1 0 2 2 5 6 2 6 3
h8 0 0 0 2 2 6 7 3 8 3
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Family II Bott-Chern cohomology
g ρ B c hBC1,0 h
BC
2,0 h
BC
1,1 h
BC
2,1 h
BC
3,1 h
BC
2,2 h
BC
3,2
h7 1 1 0 1 2 5 6 2 5 3
h9 0 1 1 1 1 4 5 3 6 3
h10 1 0 1 1 1 4 5 2 5 3
h11 1
B ∈ R− {0, 1
2
, 1} |B − 1|
1 1 4 5 2
5
3
1
2
1
2
6
h12 1
ReB 6= 1
2
, ImB 6= 0 |B − 1| 1 1 4 5 2 5 3
ReB = 1
2
, ImB 6= 0 6
h13 1
1
0 < c < 2, c 6= 1
1 1
5
5 2
5
3
1 6
B 6= 1, c 6= |B|, |B − 1|,
4
5(c, |B|) 6= (0, 1),
c4 − 2(|B|2 + 1)c2 + (|B|2 − 1)2 < 0
B 6= 1, c = |B| > 1
2
,
6
|B| 6= |B − 1|
h14 1
1 2
1 1
5
5 2
5
3
|B| = 1
2
1
2
4
6
c 6= |B − 1|,
5(c, |B|) 6= (0, 1), ( 1
2
, 1
2
), (2, 1),
c4 − 2(|B|2 + 1)c2 + (|B|2 − 1)2 = 0
h15
0
0 1
1
1
5
5 3 5 3
1
c 6= 0, 1
4
0 2
1
0 0
1
2 4
5 2
7
3
|B| 6= 0, 1 0
5
1 c > 2
1
5
|B| = c 0 < c < 1
2
4
6
c 6= 0, |B − 1|,
5B 6= 1, |B| 6= c,
c4 − 2(|B|2 + 1)c2 + (|B|2 − 1)2 > 0
h16 1 |B| = 1, B 6= 1 0 1 2 4 5 2 5 3
Family III Bott-Chern cohomology
g ε hBC1,0 h
BC
2,0 h
BC
1,1 h
BC
2,1 h
BC
3,1 h
BC
2,2 h
BC
3,2
h−19 0 1 1 2 3 2 4 2
h+26 1 1 1 2 3 2 3 2
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